In the present paper, a variationally consistent exponential shear deformation theory taking into account transverse shear deformation effect is presented for the flexural analysis of thick orthotropic plates. The inplane displacement field uses exponential function in terms of thickness coordinate to include the shear deformation effect. The transverse shear stress can be obtained directly from the constitutive relations satisfying the shear stress free surface conditions on the top and bottom surfaces of the plate, hence the theory does not require shear correction factor. Governing equations and boundary conditions of the theory are obtained using the principle of virtual work. Results obtained for static flexure of simply supported orthotropic plates are compared with those of other refined theories and elasticity solution wherever applicable. The results obtained by present theory are in excellent agreement with those of exact results and other higher order theories. Thus the efficacy of the present refined theory is established.
INTRODUCTION
Classical plate theory [1, 2] underestimates the deflection and overestimates natural frequencies and buckling loads. This is due to not taking into account the effect of transverse shear and transverse normal stresses. The errors in deflection and stresses are quite significant for plate made out of advanced composites.
First order shear deformation theory (FSDT) is considered as an improvement over the classical plate theory. Reissner [3, 4] was the first to provide consistent stress-based plate theory, which incorporates the effect of shear deformation; whereas Mindlin [5] developed displacement based first order shear deformation theory. In these theories, the transverse shear strain distribution is assumed to be constant through the plate thickness and therefore, shear correction factor is required to account for the strain energy due to shear deformation. In general, these shear correction factors are problem dependent.
The limitations of classical and first order shear deformation theories stimulated the development of higher order shear deformation theories, to include effect of cross sectional warping and to get the realistic variation of the transverse shear strains and stresses through the thickness of plate. For higher order theories, primarily two types of approaches are available. In one approach, the stresses are treated as primary variables. In the other approach, displacements are treated as primary variables. Reddy [6] has developed well known higher order shear deformation theory for the analysis of laminated plates considering polynomial function in-terms of thickness co-ordinate to include effect of transverse shear deformation. Many review papers are available on displacement based plate theories [7] [8] [9] . Recently many new refined theories [10] [11] [12] are developed for the analysis of isotropic and orthotropic plates. Ghugal and Sayyad [13] have developed trigonometric shear deformation theory considering effect of transverse shear and transverse normal strain/stress for the free vibration analysis of thick orthotropic plates. Shimpi and Patel [14] have developed a two variable refined plate theory for orthotropic plate analysis. Thai and Kim [15] applied two variable plate theory for the buckling analysis of orthotropic plates using Levy type solution. Ghugal and Pawar [16] have carried out static flexure analysis of isotropic and orthotropic plates by hyperbolic shear deformation theory. Karama et al. [17] has used exponential function to predict the mechanical behavior multilayered laminated composite beams.
Pagano [18] has developed exact solutions within the framework of the linear theory of elasticity for rectangular bidirectional composites and sandwich plates with pinned edges. The solutions are compared to the respective solutions governed by classical laminated plate theory. However, the nature of exact solution is governed by the specific parameter which depends on the combination of the material, geometric and loading properties.
In the present work, an exponential shear deformation theory is presented for orthotropic plate analysis. The displacement model contains exponential terms in addition to classical plate theory terms. The numbers of unknown variables are same as that of first order shear deformation theory. Exact solution developed by Pagano [18] used as a basis for the comparison of results and to validate the present theory.
Orthotropic Plate under Consideration
Consider a plate (of length a, width b, and thickness h) made up of homogenous material. The plate occupies (in O -x -y -z right-handed Cartesian coordinate system) a region:
1.2 Assumptions made in the theory:
1. The inplane displacement u in x direction as well as displacement v in y direction each consists of two parts: a) Displacement component analogous to the displacement in classical plate theory of bending. b) Displacement component due to shear deformation, which is assumed to be exponential in nature with respect to thickness coordinate, such that the maximum shear stress occurs at neutral axis.
2. The transverse displacement w in z direction is assumed to be a function of x and y coordinates only. 3. The body forces are ignored in the analysis. 4. The plate can be subjected to transverse loads only. Based upon the before mentioned assumptions, the displacement field of the present theory is given as below:
Here u, v and w are the displacements in the x, y and z directions. The exponential function in terms of thickness coordinate in both the inplane displacements is associated with the transverse shear stress distribution through the thickness of plate and the functions φ and ψ are the unknown functions associated with the shear slopes. The normal strains ε x , ε y and shear strains γ xy, γ yz, γ zx corresponding to assumed displacement field Eqns. (2) are
Using Eqns. (2) and (3) the normal strains and shear strains are
where, f z
The constitutive relations for orthotropic materials are as follows
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DERIVATION OF GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
The governing equations and boundary conditions are derived using principle of virtual work. Let d be the arbitrary variations
where
and
Substituting Eqns. (9) and (10) in Eqn. (8)
Substituting in Eqn. (11) the expressions for displacements [Eqn. (2)], Strains [Eqn. (4)] and stresses [Eqn. (6) ] and then employing Green's theorem successively, we obtain the coupled EulerLagrange governing equations of the plate and the associated boundary conditions in terms of stress resultants. The governing differential equations in-terms of stress resultants are as follows:
The boundary conditions are of the form:
at x = 0 and x = a
N sxy = 0 or ψ is prescribed (18) at y = 0 and y = b:
The stress resultants in the above governing equations and boundary conditions are given as:
The stress resultants in the Eqn. (24) can be expressed in-terms of functions involved in displacement field by Eqn. (2) 
Using Eqns. (12) through (32) the governing equations and associated boundary conditions of the plate in-terms of functions involved in displacement field are as follows: 
The associated consistent boundary conditions at the edges x = 0 and x = a The associated consistent boundary conditions at the edges y = 0 and y = b: 
The governing differential equations and the associated boundary conditions for static flexure of plate under consideration can be obtained directly from Eqns. (12) ( ) into the governing equations yields three algebraic simultaneous equations which can be written in following matrix form.
Eqn. (48) can be written in more concise form as follows:
where, elements of matrix [K] and vector { Δ } are given as below: 
Unknown coefficients w mn , φ mn and ψ mn can be easily evaluated using Cramer's rule.
Having obtained values of w x,y ( ), φ x,y ( ) and ψ x,y ( ) from Eqn. (49) 
Inplane Stresses: The inplane normal and shear stresses ( , , and x y xy s s t ) can be obtained by using stress-strain relations as given by the Eqns. (5) and (6).
Transverse Shear Stresses: The transverse shear stresses τ zx and τ yz can be obtained either by using the constitutive relations or by integrating equilibrium equations with respect to the thickness coordinate. The expressions for these stresses using constitutive relations are as follows:
Equilibrium equations of three-dimensional elasticity, ignoring body forces, can be used to obtain transverse shear stresses. These equations are:
Integrating Eqns. (57) and (58) both w.r.t the thickness coordinate z and imposing the following boundary conditions at top and bottom surfaces of the plate
Expressions for τ zx and τ yz can be obtained satisfying the requirements of zero shear stress conditions on the top and bottom surfaces of the plate. The following material properties are used for orthotropic plate given by Pagano [18] .
NUMERICAL RESULTS AND DISCUSSION
The displacements and stresses are obtained for different aspect ratios (S=a/h) of the plate. The results of exact elasticity theory [18] available in the literature are used as a basis for comparison of results obtained by various plate theories. The results obtained for displacements and stresses are presented in the following non-dimensional parameters.
%error= value by a particular model -value by exactelasticity solution value by exactelasticity solution ×100 Table 1 Comparison of inplane displacement u at (
, and xy t at (x = 0, y Table 2 Comparison of transverse shear stress τ zx at (x = 0, y = b / 2, z = 0) and transverse shear stress τ zy at (x = a / 2, y = 0, [18] Elasticity 0.4390 ---0.0377 --- Table 3 Comparison of inplane displacement u at (x = 0, y = b / 2, z = 0), deflection w at (x = a / 2, y = b / 2, z = 0), normal stresses σ x at (x = a / 2, y = b / 2, z = ± h / 2), normal stresses σ y at (x = a / 2, y = b / 2, z = ± h / 2), and τ xy at (x = 0, y Table 4 Comparison of transverse shear stress τ zx at (x = 0, y = b / 2, z = 0) and transverse shear stress τ zy at (x = a / 2, y = 0, Table 1 shows the comparison of inplane displacement, transverse (central) deflection, inplane normal stresses and inplane shear stress for the orthotropic plate subjected to single sine load for the various aspect ratios. For aspect ratios (S=a/h) 10 and 100 present theory and Reddy's [6] theory predicts exact results for inplane displacement whereas theory of Mindlin [5] and Kirchhoff [1, 2] underestimates the same. Central deflection predicted by present theory is in excellent agreement with that of exact solution for all the aspect ratios. Theories of Reddy [6] and Mindlin [5] overestimate the central deflection for aspect ratios 4 and 10. Present theory yields higher value for the inplane normal stress ( σ x ) for all the aspect ratios whereas it is in good agreement when predicted by the theory of Reddy [6] . Inplane normal stress ( σ y ) predicted by present theory is in excellent agreement with exact solution. Reddy [6] underestimates the value of inplane normal stress ( σ y ) for all the aspect ratios. CPT [1, 2] and FSDT [5] yield the lower values for inplane normal stresses for all the aspect ratios.
Comparison of transverse shear stresses for the orthotropic plate subjected to single sine load is presented in Table 2 . Examination of Table 2 reveals that, for S = 4, present theory overpredicts the value of maximum transverse shear stress ( τ zx ) by 8.781 % when obtained using constitutive relation ( τ xz CR ) and overpredicts the same by 3.98 % when obtained using equilibrium equations ( τ xz EE ). For S=10, present theory and theory of Reddy [6] shows good accuracy of results. CPT [1, 2] and FSDT [5] overestimate the value of maximum transverse shear stress ( τ xz EE ) when obtained via equations of equilibrium. Present theory and theory of Reddy [6] shows good accuracy of results for maximum transverse shear stress ( τ yz ) when obtained using constitutive relation.
Comparison of deflection and stresses of an orthotropic plate subjected to uniformly distributed load are shown in Tables 3 and 4 . Observation of Table 3 shows that, present theory predicts higher value of inplane displacement for all the aspect ratios. The central deflections predicted by the present theory are in close agreement with those of exact elasticity solution for all the aspect ratios. The percentage error in central deflection is -0.94 %, -0.27 % and 0.015 % using present theory for aspect ratios 4, 10 and 100 respectively. The Reddy's theory [6] and Mindlin's theory [5] overpredicts the value of central deflection. The present theory yields the improved inplane normal stresses compared to other theories. The percentage error in inplane normal stress ( σ y ) is -5.12 % and -1.94 % for S = 4 and S = 10 respectively using present theory. Inplane normal stresses predicted by Reddy's theory [6] are in good agreement with those of exact solution. FSDT [5] and CPT [1, 2] yield lower values for inplane displacement and normal stresses. Examination of Table 4 reveals that, the transverse shear stresses predicted by present theory and Reddy's theory [6] are in excellent agreement with those of exact solution when obtained by equilibrium equations.
